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Free vibration of thick functionally graded carbon
nanotube-reinforced rectangular composite plates based on three-
dimensional elasticity theory via differential quadrature method

Mohammad Rahim Nami and Maziar Janghorban*

Mechanical Engineering School of Shiraz University, Shiraz, Iran

(Received 8 September 2013; accepted 4 March 2014)

In this research, the free vibration of thick functionally graded carbon nanotube-rein-
forced rectangular composite plates is investigated. For this purpose, the three-
dimensional elasticity theory, as an appropriate theory for thick plates, is used. In
order to discretize the governing equations, the differential quadrature method
(DQM) is adopted to solve the governing equations. In the present work, no approx-
imation is used and the DQM is adopted in all directions. Although this may cause
the MATLAB code to be longer but it may eliminate extra frequencies which not
really exist. The material properties of functionally graded carbon nanotube-rein-
forced composite plates are assumed to be graded in the thickness direction, and are
estimated through a micromechanical model. Numerical results of the present paper
are also compared with the results of both isotropic and orthotropic rectangular
plates. Additionally, the influences of different parameters such as boundary condi-
tions on the numerical results are also investigated. It is hoped that this research will
lead to more detailed models on rectangular composite plates reinforced by carbon
nanotubes.

Keywords: free vibration; three-dimensional elasticity theory; thick functionally
graded carbon nanotube-reinforced rectangular composite plates; differential quadra-
ture method

1. Introduction

Because of the exceptional mechanical and physical properties, plates and beams rein-
forced by one-dimensional nanostructures are widely investigated in the past decade.
The load transfer efficiency from surrounding matrix to the carbon nanotubes (CNTs) in
the CNTs-reinforced nanocomposites was studied by Tsai and Lu.[1] Both single-walled
CNTs (SWCNTs) and multi-walled CNTs (MWCNTs) were taken into account in the
investigation. Jafari Mehrabadi et al. [2] studied the mechanical buckling of a function-
ally graded nanocomposite rectangular plate reinforced by aligned and straight SWCNTs
subjected to uniaxial and biaxial in-plane loadings. The equilibrium and stability equa-
tions are derived using the Mindlin plate theory considering the first-order shear defor-
mation effect and variational approach. Mosallaie Barzoki et al. [3] analyzed the effect
of partially filled polyethylene (PE) foam core on the behavior of torsional buckling of
an isotropic, simply supported piezoelectric polymeric cylindrical shell made from poly-
vinylidene fluoride (PVDF), and subjected to combined electro-thermo-mechanical
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loads. Wang and Shen [4] presented the nonlinear vibration, nonlinear bending, and
post-buckling analyses for a sandwich plate with FGM face sheets resting on an elastic
foundation in thermal environments. The material properties of FGM face sheets were
assumed to be graded in the thickness direction according to a simple power law distri-
bution. Mosallaie Barzoki et al. [5] investigated the nonlinear buckling response of a
composite cylindrical shell made of polyvinylidene fluoride. A two-dimensional smart
model surrounded by an elastic foundation subjected to combined electro-thermo-
mechanical loading was considered. Rokni et al. [6] obtained a new two-dimensional
(2D) optimum distribution of CNTs in the longitudinal and thickness directions of a
polymer composite micro-beam to achieve its highest fundamental natural frequency
given a weight percent (wt.%) of CNTs. SWNTs dispersed with various solvents were
incorporated into epoxy matrix via sonication method by Lau et al.[7] Dynamics differ-
ential scanning calorimetry (DSC) results indicated that even small traces of residual sol-
vent in the composite processing had a great impact on the cure reaction and
subsequently affected the endothermic behaviors of the nanocomposites. Seidel and Puy-
dupin-Jamin [8] developed a multi-scale model based on computational micromechanics
techniques for determining the effective electrical conductivity of carbon nanotube–poly-
mer nanocomposites containing bundles of SWCNTs at a wide range of SWCNT vol-
ume fractions above and below the observed percolation concentrations. Salehi-Khojin
and Jalili [9] investigated the buckling behavior of BNNT-reinforced piezoelectric poly-
meric composites when subjected to combined electro-thermo-mechanical loadings. For
this, the multi-walled structure of BNNT was considered as elastic media and a set of
concentric cylindrical shells with van der Waals interaction between them. Thermal
buckling and post-buckling behaviors were presented for functionally graded nanocom-
posite plates reinforced by SWCNTs subjected to in-plane temperature variation by Shen
and Zhang.[10] Ke et al. [11] considered the nonlinear free vibration of functionally
graded nanocomposite beams reinforced by SWCNTs based on Timoshenko beam the-
ory and von Kármán geometric nonlinearity.

In this paper, for solving the governing equations, the differential quadrature
method is used. The results for free vibration of thick functionally graded carbon nano-
tube-reinforced rectangular composite plates based on three-dimensional analysis are
given for the first time and these can serve as reference values for other analyses.

The remainder of this paper is organized as follows: In Section 2, the material prop-
erties of functionally graded carbon nanotube-reinforced rectangular composite plates
are presented. In this section, different kinds of functionally graded nanocomposites are
shown. Next, in Section 3, the governing equations based on the three-dimensional
elasticity theory are derived using the constitutive relations, the strain–displacement
relations, and the equilibrium equations. In Section 4, the numerical results are pre-
sented and the effects of different parameters are discussed. Finally in Section 5, the
whole paper is briefly investigated. The overall view on the differential quadrature
method as a numerical tool is also presented in the Appendix A.

2. Material properties

Nanocomposites are the materials filled with nano-sized particles, that is, particles with
at least one dimension in the nanometer scale. There are two types of nanoparticles that
are used often for this purpose, platelets and nanotubes, although spherical particles are
also being considered.[12] In the present work, the functionally graded carbon
nanotube-reinforced rectangular composite plates are investigated. The nanotubes are
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distributed through the thickness of the plate so the material properties vary according
to the z component. The nanotubes are distributed through the thickness of the plate so
the material properties are varying through the thickness of functionally graded rectan-
gular nanocomposites. According to the rule of mixture, the effective Young’s modulus
and shear modulus can be expressed as,[13]

E11 ¼ g1VCNTE
CNT
11 þ EmVm (1)

ðg2=E22Þ ¼ ðVCNT=E
CNT
22 Þ þ ðVm=E

mÞ (2)

ðg3=G12Þ ¼ ðVCNT=G
CNT
12 Þ þ ðVm=G

mÞ (3)

The density of the composite material can be obtained easily in the terms of the densi-
ties of the constituents and their volume fractions.[13]

q ¼ VCNTq
CNT þ qmVm (4)

From the knowledge of authors, there are five types of nanocomposites which are
mostly studied in these years, (1) UD CNTRC plate, (2) FG-V CNTRC plate, (3)
FG-X CNTRC plate, (4) FG-ᴧ CNTRC plate, and (5) FG-O CNTRC plate (Figure 1).

3. Governing equations

In many industrial situations, it is crucial to accurately predict the free vibration character-
istics of rectangular plates, as the key structural components are used in a wide range of
applications from space vehicles to microelectromechanical system (MEMS) devices.[15]
For investigating the vibration of thick plates, the three-dimensional elasticity solutions
have the ability to express precisely the high-order variation displacement through the
thickness of the plate. Although such a three-dimensional approach is rigorous, finding
solutions is generally extremely difficult. The few analytical solutions available are usu-
ally restricted to problems with simple plate geometry, loading conditions, and boundary
conditions.[16] To construct a general three-dimensional constitutive law for the linear

Figure 1. Functionally graded carbon nanotube-reinforced composite plates [13,14].
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elastic materials, one can assume that each stress component is linearly related to each
strain component. These relations can be cast into a matrix format as follows [17]:

rxx
ryy
rzz

8><
>:

9>=
>;

¼
C11 C12 C13

C12 C22 C23

C13 C23 C33

2
4

3
5

exx � a1DT

eyy � a2DT

ezz � a3DT

8><
>:

9>=
>;

ryz
rxz
rxy

8><
>:

9>=
>;

¼
C44cyz

C55cxz
C66cxy

8><
>:

9>=
>;

(5a-f)

where σij (i, j = x, y, z) are the stress tensor components; ɛii and γij (i, j = x, y, z; i ≠ j)
are the normal and shearing components of the strain tensor, respectively. All stress
fields must satisfy the equilibrium equations in order to be in static equilibrium. The
equilibrium equations can be defined as follows [17]:

@rx=@xþ @sxy=@yþ @szx=@zþ Fx ¼ 0
@ry=@yþ @sxy=@xþ @szy=@zþ Fy ¼ 0
@rz=@zþ @syz=@yþ @sxz=@xþ Fz ¼ 0

(6)

Three normal and three shearing strain components leading to a total of six independent
components that completely describe small deformation theory are defined. This set of
equations is normally referred to as the strain–displacement relations.[17]

ex ¼ @u=@x; ey ¼ @v=@y; ez ¼ @w=@z

cxy ¼ @u=@yþ @v=@x;

cxz ¼ @u=@zþ @w=@x;

cyz ¼ @v=@zþ @w=@y; (7)

where u, v and w are the displacements in the x; y and z, respectively. In practice, the
body forces are usually eliminated and the weight of the plate as surface force pzðx; yÞ
acting on the lower and upper faces of the plate is applied. A similar approach is taken
with the external load acting in the transverse direction.[18] The formulation of the
present theory is based on normal technique (using Equation (6), equilibrium equations
and Equation (7) strain–displacement relations). By substituting the strain–displacement
relations to the three-dimensional constitutive relations, one can find the relations
between the stresses and displacements. By substituting these stresses into the equilib-
rium equations, the governing equations in terms of displacement components for thick
functionally graded carbon nanotube-reinforced rectangular composite plates can be
written as,

C11
@2u0
@x2

þ C66
@2u0
@y2

þ ðC12 þ C66Þ @
2v0

@x@y
þ C0

55

@u0
@z

þ C55
@2u0
@z2

þ C0
55

@w0

@x

þ ðC13 þ C55Þ @
2w0

@x@z
¼ q

@2u0
@t2

þ ðC12 þ C66Þ @
2u0

@x@y
þ C66

@2v0
@x2

þ C22
@2v0
@y2

þ C0
44

@v0
@z

þ C44
@2v0
@z2

þ C0
44

@w0

@y
þ ðC23 þ C44Þ @

2w0

@y@z
¼ q

@2v0
@t2

(8a, b)
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C0
13

@u0
@x

þ ðC13 þ C55Þ @
2u0

@x@z
þ C0

23

@v0
@y

þ ðC23 þ C44Þ @
2v0

@y@z
þ C55

@2w0

@x2
þ C44

@2w0

@y2

þ C0
33

@w0

@z
þ C33

@2w0

@z2
¼ q

@2w0

@t2

(9)

where u0 ¼ u0 ðx; y; zÞ, v0 = v0 (x, y, z), and w0 = w0 (x, y, z) are the displacement
components along the x, y and z-axis, respectively. Hereafter, a subscript ‘0’ is used to
represent the deformation field variables and the stress components in the equilibrium
state.

Equation (5) represents the in-plane equilibrium equations along the x- and y-axis;
and Equation (6) is the transverse or the out-of-plane equilibrium equation. Because of
the complexity of the above equations, it may be very difficult to solve these equations
analytically. So, numerical methods may be useful to discretize the above equations.
One of the numerical methods which has been used several times for studying plates is
the differential quadrature method. The author knows two major characteristics for this
method, (1) fast convergency of this method and (2) accuracy of this method. The dif-
ferential quadrature method is employed to solve these equations. The equilibrium
Equations (5) and (6) can be discretized as Equation (8a, b):

C11

XNx

m¼1

Bx
imu0mjk þ C66

XNy

n¼1

By
jnu0ink þ ðC12 þ C66Þ

XNx

m¼1

XNy

n¼1

Ax
imA

y
jnv0mnk þ C0

55

XNz

p¼1

Az
kpu0i jp

þ C55

XNz

p¼1

Bz
kpu0i jp þ C0

55

XNx

m¼1

Ax
imw0mjk þ ðC13 þ C55Þ

XNx

m¼1

XNz

p¼1

Ax
imA

z
kpw0mjp ¼ qx2uijk

ðC12 þ C66Þ
XNx

m¼1

XNy

n¼1

Ax
imA

y
jnu0mnk þ C66

XNx

m¼1

Bx
imv0mjk þ C22

XNy

n¼1

By
jnv0ink þ C0

44

XNZ

p¼1

Az
kpv0i jp

þ C44

XNz

p¼1

Bz
kpv0i jp þ C0

44

XNy

n¼1

Ay
jnw0ink þ ðC23 þ C44Þ

XNy

n¼1

XNz

p¼1

Ay
jnA

z
kpw0inp ¼ qx2vijk

(10a, b)

Equation (9):

C0
13

XNx

m¼1

Ax
imu0mjk þ ðC13 þ C15Þ

XNx

m¼1

XNz

p¼1

Ax
imA

z
kpu0mjp þ C0

23

XNx

m¼1

Ax
imv0mjk

þ ðC23 þ C44Þ
XNx

m¼1

XNz

p¼1

Ax
imA

z
kpv0mjp þ C55

XNx

m¼1

Bn
imw0mjk þ C44

XNy

n¼1

Bg
jnw0ink

þ C0
33

XNz

p¼1

Az
kpw0ijp þ C33

XNz

p¼1

Bz
kpw0ijp ¼ qx2wijk

(11)

4. Numerical results

The computer package MATLAB is used to code the expressions obtained by using dif-
ferential quadrature method, to calculate the natural frequencies for thick/very thick
functionally graded carbon nanotube-reinforced rectangular composite plates. The
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comparison studies are carried out in order to verify the accuracy and efficiency of the
present three-dimensional elasticity theory. Firstly, the convergency of the present
method is investigated in Table 1. One can easily find that even six grid points are
enough to reach accurate numerical solutions. It is one the advantages of differential
quadrature method which may be seen in the most of the works. From this table, one
can find that this fast convergency can be achieved for all modes of vibration. Sec-
ondly, the results for simply supported rectangular thick plate are compared with the
results of Batra et al.[19] From this table, it may be found that the present formulation
and MATLAB code written are done properly and this methodology can be used as
bench mark for future works. In this comparison, the exact solution for fundamental
frequency is also tabulated and our numerical result is in a good agreement with exact
solution. As another example, the results of the present work are compared with the
results of Matsunaga [20] for thicker square plate. It is good to mention that Matsunaga
[20] used 2-D higher-order deformation theory and Batra et al. [19] used higher-order
shear and normal deformable plate theory. The result for very thick plate a=h ¼ 1 is
also verified with the result of ANSYS. It is good to mention that few of formulations
can predict the natural frequencies of very thick plates but as one can see in Table 2,
present methodology can be used for very thick plates too. From the knowledge of
authors, very thick functionally graded nanocomposites have not been studied with any
theory yet and it is one the benefits of the present paper. It should be noted that in the
review of the literature,[21–27] one may see that some theories give extra frequencies
and some of them did not have some frequencies. It may be because of the approxima-
tion they used. For example, they assumed sinusoidal displacements in some directions

Table 1. The convergency of the present method for thick carbon nanotube-reinforced rectangular
composite plate.

Nz

Mode 6 7 8 9 10 11

1 0.6494 0.6494 0.6494 0.6494 0.6494 0.6494
2 0.9742 0.9742 0.9742 0.9742 0.9742 0.9742
3 1.1708 1.1708 1.1708 1.1708 1.1708 1.1708
4 1.2995 1.2995 1.2995 1.2995 1.2995 1.2995
5 1.4492 1.3963 1.4572 1.4173 1.4591 1.4278
6 1.6241 1.6241 1.6241 1.6241 1.6241 1.6241
7 1.7863 1.7566 1.7936 1.7706 1.7954 1.7773
8 1.8872 1.8872 1.8872 1.8872 1.8872 1.8872
9 1.9492 1.9492 1.9492 1.9492 1.9492 1.9492
10 2.0545 2.0545 2.0537 2.0537 2.0537 2.0537

Table 2. Comparison of the nondimensional natural frequency parameters of simply supported
thick isotropic plate.

Thick plates Very thick plates

a=b ¼ 2; a=h ¼ 4 a=b ¼ 1; a=h ¼ 2 a=b ¼ 1; a=h ¼ 1

Present Batra [19] Exacta Present Matsunaga [20] Present ANSYS

0.7854 0.7854 0.7857 0.9742 0.9400 1.9483 1.9492

aExact solutions are also listed in Batra [19].
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and then solve the remaining problem. Another reason for reaching extra frequencies
may be because of using wrong theories such as using first-order shear deformation
theory for thick plates. In the present work, no approximation is used and the differen-
tial quadrature method is adopted in all directions and an appropriate theory is used for
studying thick plates. The authors suggest the researchers to investigate more about the
extra frequencies which not really exist. In Table 3 the material properties for function-
ally graded carbon nanotube-reinforced rectangular composite plates are tabulated. The
results are also verified with the results of molecular dynamics simulations of polymer/
carbon nanotube composites done by Han and Elliott.[28] One can see good agreement
between the results for different V �

CNT which is defined as follows [29]:

V �
CNT ¼ WCNT=ðWCNT þ ðqCNT=qmÞ � ðqCNT=qmÞWCNTÞ (12)

For the material properties of CNTs, different reports are available. In Table 4, the tem-
perature-dependent properties for armchair (10,10) single-walled carbon nanotube are
presented.[13,29,30]

It seems that most of the works because of the approximation of harmonic motion
in one or two directions cannot investigate the fully clamped structures. So, it may be
useful to study fully clamped plates in this work. In Table 5, the results for fully

Table 3. Material properties of functionally graded carbon nanotubes-reinforced rectangular
composite plates for different V �

CNT:

V �
CNT E11ðGPaÞ E11ðGPaÞ [28] E22ðGPaÞ E22ðGPaÞ [28]

0.11 94.42 94.8 2.204 2.2
0.14 120.4 120.2 2.298 2.3
0.17 144.8 145.6 3.494 3.5

Table 4. Temperature-dependent material properties of (10, 10) single-walled carbon nanotube.

Temperature (K) ECNT
11 ECNT

22 GCNT
12

300 5.6466 7.0800 1.9445
500 5.5308 6.9348 1.9643
700 5.4744 6.8641 1.9644

Table 5. The effects of V �
CNT on the natural frequencies of fully clamped rectangular composite

plates with uniformly distributed carbon nanotubes.

Mode V �
CNT = .11 V �

CNT = .14 V �
CNT = .17

1 1.9342 1.95 2.19
2 2.1847 2.22 2.73
3 3.0362 3.04 3.2
4 3.0803 3.12 3.71
5 3.2331 3.29 3.77
6 3.404 3.42 4.04
7 3.6531 3.72 4.38
8 3.7935 3.85 4.38
9 3.8685 3.90 4.57
10 4.1576 4.20 4.64
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clamped rectangular composite plates with uniformly distributed CNTs are presented.
The first 10 frequencies of fully clamped rectangular composite plates are presented.
The effect of V �

CNT is also investigated on the natural frequencies of nanocomposites in
this table. It is shown that increasing the V �

CNT will increase the natural frequencies.
From this table, it is seen that the natural frequencies for V �

CNT = 0.11 and V �
CNT = 0.14

can be assumed same but the results of V �
CNT = 0.17 are different. This conclusion may

be extended to almost all the modes of vibration.
In Table 6, the first 10 frequencies of thick functionally graded carbon nanotube-

reinforced rectangular composite plates are tabulated. It is assumed that the CNTs are
arranged as Figure 1, known as FG-O. It is also assumed that the plate is clamped-sim-
ply supported (CSCS) case. It is shown that increasing the V �

CNT will lead to increase
the natural frequencies of functionally graded carbon nanotube-reinforced rectangular
composite plates with FG-O arrangement. By comparing the results presented in Tables
5 and 6, it is found that the natural frequencies tabulated in Table 5 have higher values

Table 6. The effects of V �
CNT on the natural frequencies of CSCS rectangular functionally

graded nanocomposites (FG-O).

Mode V �
CNT = .11 V �

CNT = .14 V �
CNT = .17

1 1.3843 1.4104 1.7366
2 1.9351 1.9512 2.1956
3 2.1656 2.2038 2.7072
4 2.7680 2.8198 3.2093
5 3.0410 3.0465 3.4710
6 3.0834 3.1294 3.7032
7 3.1522 3.2282 3.7267
8 3.2298 3.2892 3.9951
9 3.3739 3.3863 4.0418
10 3.6534 3.7089 4.3916

1

1.5

2

2.5

3

3.5

4

4.5

1 2 3 4 5 6 7 8 9 10

Modes

Fr
eq
ue
nc
ie
s

CCCC
CSCS
SSSS

Figure 2. The influences of different boundary conditions on the natural frequencies of func-
tionally graded carbon nanotube-reinforced rectangular composite plates.
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in comparison with the results in Table 6. This conclusion is correct for first 10
frequencies and all the values of V �

CNT.
In Figure 2, the influences of different boundary conditions on the free vibration of

functionally graded carbon nanotube-reinforced rectangular composite plates are investi-
gated. It is found that the natural frequencies are increasing as follows,

CCCC[CSCS[ SSSS

It is mentioned that CCCC and SSSS are referred to as fully clamped and simply sup-
ported boundary conditions and CSCS is referred to as clamped-simply supported
boundary condition. This figure shows us the influence of boundary condition on natu-
ral frequencies can be ignored in some modes of vibration but it cannot be extended to
all modes of vibration.

In Table 7, the effects of different arrangements of CNTs-reinforced nanocomposite
plates are tabulated. Three kinds of functionally graded nanocomposites are investigated,

Table 7. Natural frequencies of simply supported rectangular functionally graded nanocomposite
plates with V �

CNT = 0.14.

Mode UD FG-X FG-O

1 1.4088 1.4174 1.4089
2 1.4088 1.4188 1.4104
3 1.9490 1.9584 1.9539
4 2.3345 2.3854 2.3175
5 2.8176 2.8335 2.8167
6 2.8176 2.8364 2.8198
7 3.0399 3.0445 3.0411
8 3.0420 3.0487 3.0465
9 3.1230 3.1079 3.1358
10 3.1523 3.1341 3.2282

1
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3.5

4
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Figure 3. The influences of aspect ratio on the natural frequencies of thick uniformly distributed
carbon nanotube-reinforced rectangular composite plates.
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(1) UD, (2) FG-X, and (3) FG-O. In this table, simply supported rectangular nanocom-
posites are studied. It is shown that the natural frequencies behave usually as follows,

FG� X[ FG� O[UD

As another example, in Figure 3, the influences of aspect ratio on the natural frequen-
cies of thick uniformly distributed carbon nanotube-reinforced rectangular composite
plates are shown. The boundary condition of the nanocomposites is assumed to be fully
clamped. It is also assumed that V �

CNT is 0.17. As it may be expected, one can easily
found that with the increase of aspect ratio, the natural frequencies will decrease.

5. Conclusion

Derived herein were the governing equations for the free vibration analysis of function-
ally graded carbon nanotube-reinforced rectangular composite plates based on the
three-dimensional elasticity theory. In order to solve the equations of motion, the differ-
ential quadrature was used. The present results were compared with the results of sim-
ply supported isotropic and orthotropic plates. Good agreement was achieved in this
paper. In the present paper, three kinds of functionally graded nanocomposites were
investigated, (1) UD (2) FG-X (3) FG-O.

In this work,

(1) It was obtained that increasing the V �
CNT will increase the natural frequencies of

fully clamped rectangular composite plates with uniformly distributed CNTs.
(2) It was found that the natural frequencies are increasing as follows,

CCCC[CSCS[ SSSS

(3) It was shown that the natural frequencies behave usually as follows

FG� X[ FG� O[UD

(4) It was obtained that with the increase of aspect ratio, the natural frequencies
will decrease for fully clamped rectangular composite plates with uniformly dis-
tributed CNTs.
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Appendix A. DQ weighting coefficients
The differential quadrature method (DQM) has attracted appreciable attention over the past two
decades.[31–40] In this paper, this interesting (numerical) technique is used which is a fundamen-
tal analytical technique. The initial idea dates back to the work of Bellman and Casti. The idea
of the differential quadrature method is to quickly compute the derivative of a function at any
grid point within its bounded domain by estimating a weighted linear sum of values of the func-
tion at a small set of points related to the domain.

In order to illustrate the DQ approximation, consider a function f(ξ, η) having its field on a
rectangular domain 0 ≤ ξ ≤ a and 0� g� b let, in the given domain, the function values be
known or desired on a grid of sampling points. According to DQ method, the rth derivative of a
function f (ξ, η) can be approximated as

@rf ðn; gÞ
@nr

����
ðn;gÞ¼ðni;gjÞ

¼
XNn

m¼1

AnðrÞ
im f ðnm; gjÞ ¼

XNn

m¼1

AnðrÞ
im fmj (A.1)

for i = 1, 2, … , Nξ, j = 1, 2, …, Nη and r = 1, 2,…, Nξ − 1
From this equation one can deduce that the important components of DQ approximations are
weighting coefficients and the choice of sampling points. In order to determine the weighting
coefficients, a set of test functions should be used in Equation (A.1). For polynomial basis
functions DQ, a set of Lagrange polynomials are employed as the test functions. The weighting
coefficients for the first-order derivatives in ξ-direction are thus determined as

An
ij ¼

1
Ln

MðniÞ
ðni�njÞMðnjÞ for i 6¼ j i; j ¼ 1; 2; . . .;Nn

� PNn

j¼1i6¼j
An
ij for i 6¼ j ;

8><
>:

(A.2)

where Lξ is the length of domain along the ξ - direction and MðniÞ ¼
QNn

k¼1;i 6¼k ðni � nkÞ
The weighting coefficients of second-order derivative can be obtained as,

½Bn
ij� ¼ ½An

ij�½An
ij� ¼ ½An

ij�2 (A.3)

In a similar manner, the weighting coefficients for η-direction can be obtained.
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